The components of the exchange-correlation kernel tensor of an isotropic electron liquid in the spin channel
I. INTRODUCTION
The spin-resolved local field factor G Ј (q,) has often been used to describe exchange-correlation ͑xc͒ effects in the electron liquid.
1,2 These effects arise from the antisymmetry of the many-body wave function ͑exchange͒ and from the Coulomb repulsion between the electrons ͑correlation͒. The equivalent concept of exchange-correlation kernel, defined as
where v(q) is the Fourier transform of the Coulomb potential, is more frequently used in time dependent ͑spin͒ density functional theory. [3] [4] [5] [6] f xc, Ј (q,) determines the xc potential V xc, (q,) created by a small density fluctuation ␦n Ј (q,) according to the formula
It is customary in density functional theory to replace the nonlocal relation ͑2͒ by the local density approximation V xc, ͑ r, ͒Ӎ ͚ Ј f xc, Ј ͑ qϭ0, ͒␦n Ј ͑ r, ͒, ͑3͒
where the qϭ0 kernel f xc, Ј (qϭ0,) is evaluated at the local equilibrium density. Unfortunately, this cannot be done for the spin-resolved f xc, Ј (q,), for the simple reason that the q→0 limit of this function does not exist. In fact, one has
where n is the density of -spin electrons (ϭϩ1 for ↑-spin and ϭϪ1 for ↓-spin͒, and nϭn ↑ ϩn ↓ is the total density. A() and B Ј () are finite functions of frequency. The small-q divergence cancels out in the density channel, i.e., when one sums over the spin indices, but not in any other combination of the matrix elements f xc, Ј (q,). It has recently been pointed out, 7 that this difficulty can be avoided by switching to a more complete description in which the basic variables are the longitudinal and transverse components of the spin-resolved current density. In the spincurrent density functional theory the xc potential is a vector potential A xc, , which is related to the spin-resolved current density by the following relation:
where i and j are Cartesian indices. In isotropic electron liquid, the tensor kernel f xc, Ј i j (q,) can be described by its longitudinal ͑L͒ and transverse ͑T͒ components f xc, Ј
L,T (q,), defined by the relation
where L and T denote the longitudinal and transverse component relative to the direction of q. and ␦ j L,T (q,) is well-behaved in the small-q limit, i.e., local, as we wanted.
It is easy to verify that
Against this background, the importance of having reliable expressions for A() and B Ј L,T () is self-evident.
current-density functional theory, [15] [16] [17] which has recently found interesting applications to the calculations of the optical spectra of solid 18 and the polarizability of long polymer chains. 19 In this paper we address the remaining part of the problem, namely, the calculation of the spin-spin channel quantities A() and
͑9͒
Concerning A(), we mainly build on the work briefly reported in Ref. 7 : we supply detailed derivations of the results presented there without proof, and derive an exact relationship between the low-frequency behavior of Re A() and the Landau parameters. We also evaluate the low frequency behavior of Im A() within the mode-decoupling approximation, 13, 14 which is supposed to be exact in the high-density limit. The main part of this paper, however, is devoted to the study of B L,T (). First of all, we derive the high and low frequency limits of Im B L,T (). To this end, we express the small-q limit of Im f xc, Ј i j (q,) in terms of four-point response functions, which are then treated perturbatively. The expansion is accurate to second order in the Coulomb interaction, yet we believe that it yields the exact asymptotic behavior at high frequency because in that limit the four-point response function of the interacting system reduces to that of the noninteracting one. In this way Im B L,T () is found to decrease as (1/ 3/2 ), which is the same behavior that was previously established for Im f xc L,T () in the density-density channel. 13, 14, 20 The same small wavevector expansion is applied to the calculation of the low frequency behavior of Im B L,T (), but, in this case, the results are only valid in the high-density limit. We find that, in this limit, the difference between Im B L,T () and Im f xc L,T (), vanishes to first order in . We also show that Im B T ()ϭ(3/4)Im B L () at small . Furthermore, we establish a relation between Re B L,T (0) and the Landau parameters parallel to the one obtained by Conti and Vignale 21 in the density-density channel. We then construct approximate interpolation formulas for Im B L,T () based on the above results. The philosophy is the same as that in Ref. 12 . Basically, we attempt to improve the Gross-Kohn interpolation formula 22, 23 by introducing a peak at intermediate frequency. The position of the peak at about m ϭ3 pl /2 ͑where pl is the plasmon frequency͒ is suggested by the mode-decoupling theory, while the strength of the peak is fixed ͑via dispersion relations͒ by the lowfrequency behavior of the real part of B L,T (). It turns out that the same type of interpolation for Im A() does not work well at ''metallic densities.'' Therefore, we resort to the mode-decoupling approximation ͑al-ready discussed in Ref. 7͒ to describe this function. The results obtained in this paper should be useful in current implementations of the spin-current-density functional theory, which aim at calculating the energy of spindependent excitations in complex electronic systems.
The paper is organized as follows. In Sec. II, we summarize the exact properties of A() and B L,T () . In Sec. III, we present the derivations of these exact properties. In Sec. IV, we present our interpolation formulas for B L,T () in paramagnetic state. Further technical details are presented in the two Appendixes.
II. EXACT PROPERTIES
We begin by listing, for ease of reference, the exact properties of A() and B L,T (). The derivations are very technical and will be presented in the next section.
First of all, we note that both A() and B L,T () satisfy the Kramers-Krönig ͑KK͒ relations. For example, we have
where P is the principal part, and similarly for B L,T ().
A. Exact properties for A"…
The high-frequency behavior of Im A() is
The infinite frequency limit of Re A() is given by the third-moment sum rule 24, 25 Re A͑ϱ ͒ϭ lim
where 
where k s is the screening wave vector k s ϭͱ4k F /a 0 , k F the Fermi wave vector, and a 0 is the Bohr radius. The last two equations above are specialized to the paramagnetic case, and Eq. ͑15͒ is exact only in the high density limit.
B. Exact properties for
where c L ϭ41/30, c T ϭ17/30.
where
2 )Јg Ј (r). The zero-frequency limits of B L,T () are related to the Landau parameters as follows:
and
where the dimensionless constants S L,T are given by
In the above expression ϵ2k F /k s . While Eq. ͑21͒ is perturbative, and therefore strictly valid only in the high density limit, the relation
is nonperturbative and, as such, is expected to hold at all densities. The results listed in this subsection are specialized to the paramagnetic case, except for Eq. ͑17͒, which holds in general. 
͑24͒
where j (q) is the spin-resolved current-density operator
where Q m ϭ(1ϩ mz )/2 ͑with mz the z-component Pauli matrix for the mth particle͒ picks the -spin component of the state of the mth particle and
P m and m (q) are the momentum and density operators for the mth particle.
The Zubarev product is defined as ͗͗A;B͘͘ ϵ Ϫi͐ 0 ϱ dte it ͓͗A(t),B(0)͔͘. ͑The frequency argument will be omitted, for brevity, from now on.͒ Making use of this definition, one can show that Eq. ͑24͒ can be rewritten as
͑27͒
where j (q,t) is the second time derivative of j (q,t). Operators without an explicit time argument are assumed to be evaluated at tϭ0. Since
commutes with the density fluctuations and
where (Ϫk)ϭ͚ mϭ1 N m (k) and N is the electron number, we see that
where ͕A,B͖ϭABϩBA is the anticommutator of A and B.
By using Eqs. ͑28͒, ͑29͒, and ͑30͒ in the above equation, we obtain
͑32͒
Up to this point, the derivation is exact. The last term on the right-hand side ͑RHS͒ of Eq. ͑32͒ makes a contribution of higher order than
, and is therefore dropped from now on.
Expanding the anticommutators in Eq. ͑32͒, one obtains
and the substitution of Eq. ͑33͒ into Eq. ͑25͒ yields
͑34͒
Therefore we finally arrive at
In Eq. ͑35͒ and in the following formulas, a summation over the repeated indices l and lЈ is understood. Equation ͑35͒ is accurate to the order of O(q 0 ). The singular term of Im f xc, Ј L,T (q,) arises from the first term of the RHS of Eq. ͑35͒, which, to order O(q Ϫ2 ), yields
Based on simple symmetry considerations, the above equation can be rewritten as
͑37͒
The structure of f xc, Ј L,T (q,) displayed in Eq. ͑7͒ is thus confirmed, and an explicit expression for Im A() is obtained:
͑38͒
The results in this subsection hold for arbitrary spin polarization.
B. High-frequency limit of Im A"…
Because Im A() is antisymmetric with respect to , we only need to consider positive for which
Here n0 ϭE n ϪE 0 is an exact excitation energy of the system, with E n , E 0 the excited and ground state energies, respectively: the sum extends to all the excited states that are coupled to the ground state by two density fluctuation operators. At high frequency, the four-point response function should coincide with that of a noninteracting electron gas, which is given by
Therefore, from Eq. ͑38͒, one has
Carrying out the summation over k yields the result in Eq. ͑11͒, which holds for arbitrary spin polarization.
C. High-frequency limit of Im B L,T
"…
The high-frequency limit of Im f xc L () was first established by Glick and Long. 20 The extension to Im f xc T () was carried out by Nifosì, Conti, and Tosi. 13, 14 In this subsection, we report the corresponding calculation for Im B L,T (). We limit ourselves to the paramagnetic case.
At high frequency, Eq. ͑35͒ reduces to
The last term in the above equation can be shown to make a contribution of order Ϫ5/2 to Im B L,T (), whereas the first three terms contribute to the leading order of Ϫ3/2 . We begin with the first term, which gives the leading order contribution to both Im A() and Im B L,T (). We denote it as the ''a'' term in the derivations that follows. The four point response function can be rewritten as
where ⑀ p 1 ϭp 1 2 /2m, etc. Obviously, ͉p 1 ͉, ͉p 2 ͉, ͉p 3 ͉, and ͉p 4 ͉ are all smaller than k F . Therefore, to the leading order for large , we have
Carrying out the sum over the eigenstates of the noninteracting system ͑only double electron-hole pairs contribute͒, we get
Substituting this result into Eq. ͑42͒, we come to
where we have ignored terms that vanish for q→0. After carrying out the sum over k in Eq. ͑48͒, we obtain
For the transverse component, we need to evaluate the tensor product
to the order of O(q 0 ). Equation ͑51͒ can be further simplified to
Next we evaluate the contribution due to the second and third terms in Eq. ͑42͒. We denote them together as the ''b'' term. At large , the four point response functions are evaluated as
͑55͒
Substituting the above results into Eq. ͑42͒ leads to
where ЈϭϪЈ. Therefore,
The longitudinal and transverse components can be further evaluated as Thus we have the final results for Im B L,T () as shown in Eq. ͑16͒. The singular term in the above equations is Im A(), which is a special case of Eq. ͑11͒ for the paramagnetic state.
D. High frequency limit of the real part xc kernel
Re f xc, Ј
L,T "q,…
The third moment sum rule for Re f xc, Ј L (q,ϱ) was first established by Goodman and Sjölander, 24 and later rederived by Liu. 25 Here we give derivations for both
Re f xc, Ј L (q,ϱ) and Re f xc, Ј T (q,ϱ). We start from a rela-tion between Re f xc, Ј ␣ (q,ϱ) and the first moment of the spin-current spin-current response function M Ј ␣ (q)
where ␣ϭL,T, and v L (q)ϭv(q), and v
is the noninteracting version of M Ј ␣ (q). The first moment of the spin-current spin-current response function in Eq. ͑62͒ is defined as
͑63͒
which can also be rewritten as
Note that the longitudinal component of M Ј ␣ (q) is related to the third moment of the spin-density spin-density response function via
By using Eq. ͑30͒, we have
͑66͒
The commutators on the RHS of the above equation can be carried out straightforwardly, though tediously, and one arrives at
We denote the contribution to M Ј ␣ (q) from the first term of the RHS of the above equation as ͓ M Ј ␣ (q)͔ int and that from the second term as ͓ M Ј ␣ (q)͔ kin . They can be calculated as
and ͗T ͘ is the spin-resolved kinetic energy. Substituting
Eqs. ͑68͒, ͑69͒ into Eq. ͑62͒, one obtains
At small wave vector, it can be shown that
to the accuracy of O(q 2 ). After some straightforward algebra, one obtains the following result:
The results in this subsection are valid for arbitrary spin polarization.
E. Proof of Re A"0…Ä0
The vanishing of Re A(0) follows from the fact that (1/)͐ Ϫϱ ϱ ͓Im A()/͔d is equal to ͑minus͒ the first moment of the spin-current spin-current response function in the spin channel, which, by gauge invariance and the continuity equation, coincides with the third moment of the spin channel of the spin-density spin-density response function, i.e., ϪA(ϱ). More explicitly, from Eq. ͑7͒, one has
͑74͒
The above equation can be rewritten, making use of Eq. ͑24͒, as
͑75͒
As can be seen from Eq. ͑63͒, the RHS of the above equation
with ϪA(ϱ) according to Eqs. ͑65͒ and ͑12͒. Thus, A(0) ϭ0, and this conclusion holds for arbitrary spin polarization.
F. Low frequency limit of Re B L,T "…
The low frequency limit of the xc kernel for the density channel in the case of a paramagnetic state was first related to the Landau parameters in Ref. 21 . In this subsection, we extend the results of Ref. 21 to the spin channel.
The quasiclassical quasiparticle Hamiltonian is
where ⑀ p is the energy of a quasiparticle of spin , " p ⑀ p ϵv p ϭp/m * is the quasiparticle velocity, m * is the effective mass, and f p,p Ј Ј are the Landau interaction functions. Here A (r,t) is a spin-resolved vector potential that couples only to -spin particles. We assume that A (r,t) is small. Linearizing with respect to A (r,t) we get
͑77͒
where n 1p (r,t)ϭn p (r,t)Ϫn 0 (⑀ p ). The Liouville equation of motion for the quasiparticle distribution function is governed by the above Hamiltonian. After linearization and Fourier transformation with respect to space and time we obtain
͑78͒
In a paramagnetic system this equation reduces to
͑79͒
which can be further simplified to
where n 1p a ϭn 1p↑ Ϫn 1p↓ , and f p•p Ј a is the spin-antisymmetric component of the Landau interaction function. In writing Eq. ͑80͒, we have introduced two new objects, namely, the spin mass m s ,
and the ''spin-channel vector potential''
The physical significance of the spin mass is discussed extensively in Ref. 27 . In brief, it turns out that the spin current, defined as the difference between spin-resolved currents
is related to the quasiparticle distribution function in the following manner:
The response of j a (q,) due to the perturbation A a (q,) is given by
Combining Eqs. ͑80͒ and ͑84͒, we can compute the small-q limit of the response function with the following results:
On the other hand, we also have
where ␥ L ϭ6/5 and ␥ T ϭ2/5.
͑90͒
Substituting Eq. ͑90͒ back into Eq. ͑88͒ yields
͑91͒
Comparison of Eq. ͑91͒ with Eqs. ͑86͒ and ͑87͒, respectively, leads to Eqs. ͑18͒ and ͑19͒, and to the further relation
where ⑀ xc () is the xc energy for per particle at spin polarization . Notice that to obtain Eq. ͑92͒ we have used the relation
which can be deduced from the well known relation between the spin susceptibility and the Landau parameters F 1 s and F 1 a in Fermi liquid theory. 26 Equation ͑92͒ combined with the corresponding relation for the density channel 28 yields
thus confirming the exact identity
͑95͒
which was first reported in Ref. 7.
G. Low frequency limit of Im A"…
Equation ͑15͒-the low frequency limit of Im A()-is established within the mode-decoupling approximation, which is exact only in the high density limit. The analytic form of this approximation is given by Eq. ͑14͒ of Ref. 
Making use of the RPA for the static dielectric function, one obtains, after some straightforward calculations, the result of Eq. ͑15͒.
H. Low frequency limit of Im B L,T
"… Again, we restrict our attention to the paramagnetic case in this subsection. At small , Eq. ͑35͒ reduces to
v͑ k͒v͑kЈ͒
As discussed in our previous analysis of the density channel, 12 Their contribution is therefore
where (Ϫk,Ј), etc., are proper linear response functions. In a paramagnetic system, the longitudinal and transverse components of the xc kernel can be obtained as
where 1
It should be evident from the above argument that Eq. ͑106͒ holds only within the RPA. Under the same RPA for the screened Coulomb potential one can show that exchange processes only contribute to the spin-diagonal terms f xc, and therefore make equivalent contributions to the density and the spin channel ͓see Eqs. ͑8͒ and ͑9͔͒. We conclude that
The low frequency limit of Im f xc L,T () is given by Eq. ͑15͒ in Ref. 12 . Combining that result with Eq. ͑107͒ leads to the expression of Eq. ͑20͒.
IV. INTERPOLATION FORMULAS
We now present our interpolation formula for Im B L,T () in paramagnetic state, which incorporates all the exact results listed in Sec. II,
where ϭ/ m , with m the position of the ''collective peak'' discussed below. The form of the interpolation is completely analogous to the one we recently proposed for the density channel. 12 However, there is a difference in the value of m between the density channel and the spin channel. In the density channel, m ϭ2 pl , where pl is the plasmon frequency. But, in the spin channel case, a simple estimate of the position of the peak, based on the mode-decoupling approximation, suggests m Ӎ3 pl /2 ͑see Appendix A͒.
Requiring that Eq. ͑108͒ has a peak at m yields the relation
The low frequency limit of Eq. ͑20͒ fixes a L,T as
where ␣ϭ(4/9)
1/3
. The high frequency limit of Eq. ͑16͒
. ͑111͒
Finally, from Eq. ͑10͒, we have the sum rule Table I . We note that, although Im B L,T ()ӍIm f xc L,T () at low frequency, the parameters a L,T differ from the corresponding ones in the density channel ͑reported in our Table  II and Table III Given the exact results for A() listed in Sec. II, it would be natural to use for Im A() the same form of interpolation that we are proposing for Im B L,T (). Unfortunately this can only be done at very small r s . At r s Ͼ 1, the low-frequency and high-frequency limits are such that the integral (1/)͐ 0 ϱ ͓Im A()/͔d calculated from this type of interpolation always exceeds ϪA(ϱ). For this reason we are forced to take a different approach, already described in Ref.
7: we first calculate Im A() in the mode-decoupling approximation, 13, 14 and then correct the low-frequency behavior by a frequency-dependent factor g(), 7 chosen in such way that the exact high frequency behavior is maintained and the sum rule is satisfied. This approach has the merit of producing a peak at approximately the same frequency as the mode-decoupling approximation, which we feel is physically justified.
V. SUMMARY
Several exact results for the singular and regular components A() and B L,T (), respectively, of the exchangecorrelation kernel of an electron liquid in the spin channel have been obtained. Based on these results, we have proposed an interpolation formula for Im B L,T () in the paramagnetic state at any frequency .
The results obtained in this paper constitute progress in the study of the many-body local field factors in the electron liquid. These and the proposed interpolation formulas will be useful in applications of the time dependent spin density function theory.
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In the RPA-based mode-decoupling approximation the imaginary part of the xc kernel is given by 
